We study the properties of soliton solutions in an analog of the Skyrme model in 2+1 dimensions whose Lagrangian contains the Skyrme term and the mass term, but no usual kinetic term. The model admits a symmetry under volume/area preserving diffeomorphisms. We solve the dynamical equations of motion analytically for the case of spinning isolated baryon type solitons. We take fully into account the induced deformation of the spinning Skyrmions and the consequent modification of its moment of inertia to give an analytical example of related numerical behaviour found by Piette et al. 1 . We find the counter-intuitive result that although the size of the Skyrmion increases, the moment of inertia decreases, with increasing angular velocity. We solve the equations of motion also for the case of an infinite, open string, and a closed annular string. In each case, the solitons are of finite extent, so called "compactons", being exactly the vacuum outside a compact region. We end with indications on the scattering of baby-Skyrmions, as well as some considerations as the properties of solitons on a curved space.
Introduction
The baby-Skyrme model is a useful laboratory for studying soliton physics [1] [2] [3] . It is the 2+1 dimensional analog of the model which describes the low energy chiral dynamics of QCD 5 , the usual Skyrme model 4 . The model has direct applications in condensed matter physics 6 where baby-Skyrmions give an effective description in quantum Hall systems. Also, 2+1 dimensional models possessing solitonic solutions are an exciting area of research in mathematics.
The model is governed by the Lagrangian
where φ is a unit scalar iso-vector field, φ · φ = 1. This theory admits stable topological soliton solutions.
In this paper we will consider the model arising in the limiting case when f π → 0:
We have already introduced this model in our previous letter 7 , it is our aim in this paper to further elaborate on its properties.
The plan of this paper is as follows. We start with the general aspects of the model, followed by an analysis of the Skyrmion type solution, including its quantum rotational spectrum taking into account the deformation due to the centripetal acceleration. To our knowledge the back reaction of the rotation on the form of the soliton has never been taken into account in obtaining the quantum rotational spectrum. Such an analysis would be most interesting for the Skyrme model of nucleons. We can do so because we can analytically solve the full equations of a steadily rotating baby-Skyrmion. Afterwards, we continue with our string solutions, already exhibited in our previous letter 7 and present closed string solutions which are physically more realistic. We then present some indications on the low energy scattering of baby-Skyrmions. We end with a section where we consider our model on curved space.
The model
Let us consider the model described by the following Lagrangian
This model, like the full baby-Skyrme model, admits a conserved topological current, the baryon number current:
and stable topological soliton solutions with integer baryon number B, given by
(at least for small B).
This type of model has been studied by Tchrakian et al 8 for a complex scalar field, with a somewhat modified potential. Here, for the static sector they have essentially proven that the model is integrable. In their model there exists a Bogomolnyi bound which is saturated and renders the differential equation to be solved first order. As we shall see below there are certain similarities between the model treated here and their model, however, the corresponding Bogomolnyi bound here is not saturated. Hence it is not evident that our model is also integrable for the static sector.
This Lagrangian admits the following symmetries. It is clearly Poincaré invariant (Lorentz and translational invariance). In addition, because the mass term picks the vacuum directionn, the O(3) invariance is explicitly broken to O(2), which corresponds to isorotations aboutn:
We note here that there is also the symmetry of spatial rotations (there is only one axis perpendicular to the spatial plane) within the Lorentz group, and it is actually the diagonal subgroup of iso-rotation and spatial rotations which is relevant for the baby-Skyrmion.
A less evident but more interesting symmetry comes from invariance under volume preserving diffeomorphisms for the action. We will be more concerned with static configurations hence we will exemplify here the corresponding symmetry under area preserving diffeomorphisms of the potential energy,
where we see that the vacuum configuration φ =n has zero energy. Now if we change the coordinates x i → x ′ i with an area preserving diffeomorphism det ∂x
then the integration mesure does not change and
which also does not change since the determinant is 1. This symmetry is infinite dimensional, therefore there is an infinite dimensional degeneracy in the energies of the solutions.
Intuitively each solution can be deformed like an incompressible fluid to any shape imaginable.
We end this section by writing the static energy as follows:
where the extra cross term is a total divergence and vanishes upon integration. This expression shows that the energy of a solution is always larger or equal to 4πµ|B|, giving the Bogomolnyi bound of our model:
We do not find below any solutions which saturate the Bogomolnyi bound.
The baby-Skyrmion
The configuration space of the model is comprised of maps from the plane R 2 to the target space S 2 . Taking coordinates Θ, Φ on the target sphere (corresponding to the usual spherical polar coordinates) the best known solution is the spherically symmetric solution given by:
where r, θ are the usual polar coordinates on the plane. This yields the ansatz [9] φ = (sin f (r) cos Nθ, sin f (r) sin Nθ, cos f (r)) (13) where N is an integer, and is equal to the baryon number of the configuration. This configuration exhibits invariance under the diagonal group of spatial and isospatial rotations.
f (r) has to be π modulo 2π at the origin and 0 modulo 2π at infinity to obtain B = N, and it has to attain 0 (representing the vacuum) sufficiently fast so that the energy of the soliton is finite.
Replacing (13) into the energy yields the equation of motion:
This complicated non-linear equation, quite surprisingly, can be integrated analytically. By factoring sin f (r) we see that the first 3 terms of the equation are a total derivative. This yields the equations (integrated) sin f (r) = 0 (15)
where a and b are integration constants.
Finiteness of energy and integer baryon number B implies that f (r) has to be 0 far from the origin. Usually this is achieved via an exponential or some inverse power of r. In our case, this limit has to be attained in an unexpected fashion. For some r = r 0 , f becomes exactly zero. This is possible if a < − √ 2b µ (reproducing in (16) the polynomial generally known as representing a mexican hat). f (0) = π imposes that b = 2 hence the critical value of a is −2µ. The function f (r) is defined by (16) only for r ≤ r 0 . For r ≥ r 0 the function obeys equation (15): f is zero. This effectively "patches" the vacuum to the exterior of the soliton. To determine the values of a and consequently r 0 , we minimize the energy. We note that since the soliton is of finite size, and neither f (r) nor f ′ (r) diverge anywhere, the energy of the baby-Skyrmion is finite. Physical intuition, verified by explicit computation, tells us that since the energy density is a function of (1 − cos f ) and its first derivative, the total energy is minimum if (1 − cos f ) attains zero at r 0 with a zero derivative. This gives the values a = −2µ and r 0 = 2 |N|/µ and defines f (r) by
We can now calculate the solution's energy. This task can also be performed analytically and is much simplified if one notices that the equation ( scattering. We will say more about scattering later in this paper.
We end this section on static baby-Skyrmions by computing their area. We find trivially:
which is also proportional to the baryon number. So the area of a |B 1 |+|B 2 | baby-Skyrmion is equal to the sum of the individual areas of the |B 1 | and |B 2 | baby-Skyrmions. This, together with the energy considerations given above, also points towards a baby-Skyrmion babySkyrmion scattering possibly parametrized by a sequence of area preserving diffeomorphism.
Spinning baby-Skyrmion
We now tackle the problem of a baby-Skyrmion spinning (about the z direction) and the computation of the corresponding (semi-classical) quantum spectrum. The usual assumption in this type of calculation is that the soliton is sufficiently "stiff" as not to deform enough to significantly modify the energy spectrum. This "rigid rotor" approximation has been used frequently but seldom checked, since this requires the ability to compute the instantaneous soliton profile for any angular velocity (which is no easy task even in a purely numerical framework). This problem was first analysed by Piette et al. 1 for the full model (including kinetic term). They computed numerically the deformation and energies of spinning babySkyrmions. We will see that our model possesses analytical solutions for spinning babySkyrmions and this enables us to obtain the semi-classical approximation to the quantum rotation energy spectrum of the baby-Skyrmion taking fully into account the deformation necessary to produce the force which maintains the centrifugal acceleration.
The obvious ansatz for a rotating baby-Skyrmion is given by
This ansatz has already been used by Wilczek and Zee 9 to explore the connection between fractional spin and exotic statistics, and by Piette et al 1 .
We will proceed in the following manner. We first extract the instantaneous profile of the soliton as a function of ω from the expression of the energy which then enables us to compute (in principle) the (instantaneous) moment of inertia and total energy of the soliton. The quantum energy spectrum can be obtained semi-classically by using the Bohr-Sommerfeld quantization condition which picks out the allowed values of the angular velocity ω. The ω dependence of the moment of inertia modifies the allowed ω values (and the corresponding energy levels) from the ones obtained with the rigid body approximation.
Replacing the ansatz (20) into the general expression for the energy gives
after integrating over the angle θ. It appears as if the only trace of the ongoing rotation of the particle is the paramater ω in the kinetic part of the energy, but there is of course the implicit ω dependence in f (r). It is through that ω dependence of f (r) that deformations enter the problem.
We find the minimum of the energy (21) by varying f (r) and obtain the following equation:
As in the case of the static baby-Skyrmion, we can analytically find the solutions of this equation:
The constants of integration have been fixed by imposing f (0) = π and r ω becomes the radius of the soliton and it is fixed as a function of ω, N and µ by the equation
We note that even if a time dependent solution adds a kinetic term to the total energy which breaks the invariance under area preserving diffeomorphisms, we still obtain analytical solutions to the problem (with the exception of finding numerically the value of r ω for given values of µ, ω and N).
When ω goes to zero we regain the static solution (17). r ω as a function of ω has to be obtained numerically but this does not present any problem since r ω is a "well behaved"
increasing function of ω which is roughly linear for large values of ω and is numerically, approximately a polynomial of order 3 or higher near ω = 0. This reflects the inflation of the soliton under rotation. Figure 1 shows the function f (r) for several values of ω.
We compute the classical energy E as a function of ω and compare it with the same quantity in the case of the rigid body. The dynamical moment of inertia is defined by
which is 2 T /ω 2 where T is the kinetic energy of the system (see the first term in (21)). The moment of inertia of the static baby-Skyrmion is defined as
This amounts to replacing the static solution for f (r) in (25) and the result I 0 = 16π/3 is surprisingly independent of µ and N. Then the energy of a rigidly rotating baby-Skyrmion is given by
while the true rotating baby-Skrymion's energy is: Figure 2 compares the rotational energy of a rigid baby-Skyrmion and the energy of the deformable baby-Skyrmion, and we note that the true energy is smaller than the rigid rotor approximation for all values of ω in contra-distinction to the behaviour found by Piette et al 1 . This is surprising if one expects the baby-Skyrmion to inflate itself under centrifugal forces, in accordance with the behaviour of r ω which always increases with ω. Indeed a bloc of rubber would react to a steady rotation by increasing its energy faster than a rigid rotor.
The answer lies in the behaviour of 1 −cos f (r) as ω increases. As ω rises, the range, over which f (r) is non-zero, increases. However the value of r, where |1 − cos f (r)| ′ is maximal, decreases. From its definition (25), one sees that I(r) is maximum where |1 − cos f (r)| ′ is minimal, and is convoluted with a sin f (r). Since the maximum of |1 − cos f (r)| ′ will come closer and closer to the origin (where f (r) ∼ π), as ω rises, we see that I(ω) is a slowly decreasing function of ω, even though the size of the soliton always increases! The general form of the energy of a spinning deformable body is written as
where U(ω) = V − M, represents the potential energy stored in the particle as it reacts to centrifugal forces, M = V | ω→0 is the mass of the static baby-Skyrmion(18) and
In the case of the rotating physical baby-Skyrmion, this is a slowly increasing function of ω which, however, does not compensate for the effects of the decrease of I(ω): the energy of the rigid baby-Skyrmion is greater than the true energy for all values of ω (see Figure 3 for a plot of the energy density as a function of r for the physical baby-Skyrmion for a few values of ω). This strange behaviour might be explained by the absence of a "kinetic term"
(the term constituting the O(3) non-linear model) which is sensitive to middle range effects.
With just the Skyrme and mass terms, we are sensitive to only short and long range effects, respectively.
To compute the quantum rotational spectrum of the baby-Skyrmion we use the BohrSommerfeld condition 10 on the action and energy of the system:
where τ (E m ) is the period of the motion for a given energy E m and S the corresponding action. Due to the stationary nature of the soliton, only the kinetic term contributes in (31), yielding the quantisation condition
ω m is then obtained numerically as a root of equation (32) and then replaced in the expression of the energy. It is in the solution of equation (32) that the deformation of the soliton "interacts" with its rotation, representing the action of the system which chooses its shape to achieve a quantum state.
In the case of the rigid body, the energy rises as the square of m which is the approximation that is usually made. In taking account of deformations, I(ω) is smaller than I 0 = 16π/3, making the ω m larger than the corresponding rigid body solution. The net effect of the deformation will then be to widen the gap quite dramatically between sequential energy levels, a surprising characteristic considering the classical analog. We show both spectra in Figure 4 .
In the case of the full baby-Skyrme model, Piette et al. the baby-Skyrmion's energy and moment of inertia infinite. They also showed that a babySkyrmion "cranked" that high will quickly reduce its energy and angular velocity by emitting pion radiation until ω < ∼ µ, which is the "steady rotation" regime.
In our case, the size of the baby-Skyrmion will simply increase with ω but the polynomial profile will prevent any oscillatory or long range behaviour of the function f (r). Thus there does not seem to be any limit to the angular velocity of our solitons. We believe this is a strong indication that there is no radiation in this model. Indeed there is no obvious linearization which gives rise to plane waves.
We end this section by stressing that the quantum states so obtained are not eigenstates of spin S, nor isospin I, but of the sum S + I of these operators. This is due to the fact that the baby-Skyrmion is only invariant under the diagonal group spin/isospin as stressed earlier.
Thus the tower of states constructed would be exactly the same if we had considered iso-rotations about the 3 axis. The quantization we have followed treats the solitons as bosons.
A more general quantization as anyons is possible, as put forward by Wilczek and Zee 9 and requires the inclusion of a Hopf term. We will not elaborate on this possibility here.
String like solutions of the model and related physical states
In a previous article we introduced the ansatz for extended solutions resembling strings or strips, in the complete baby-Skyrme model and related models. Here we shall construct a physical state with such strings and compute its energy. First we will review quickly the construction and properties of these strings.
A. Strings in a 2 dimensional model
We want a solution that possesses an energy density wich is spread along a finite strip, instead of the disk-like distribution of the baby-Skyrmion. The easiest way to do this is to re-interpret the angle θ in (13) as a linear coordinate, say y, and to interpret r as x. Thus we "unroll" the baby-Skyrmion by placing the configuration found along each ray (at constant θ) on a horizontal half line (at constant y) extending from the y axis to x = +∞. The value of y is linearly related to the value of θ. We continue periodically along the y direction once we have gone around the baby-Skyrmion one time. This procedure constructs a half-string on the right hand side of the y axis. On the y axis itself, the configuration is (0, 0, −1), which is not the vacuum. We complete the configuration onto the left hand side of the y axis by "unrolling" the baby-Skyrmion configuration in the same manner except after we have made a 180
• rotation. This means that each ray is mapped to a horizontal half line extending from the y axis to x = −∞ with a linearly decreasing value of y for increasing θ.
This construction yields the following ansatz:
subgroup of rotation and isorotation. This symmetry of the baby-Skyrmion is transformed into a new symmetry taking the form of the diagonal subgroup of isorotation and translation along the y axis. In fact the right half-string and the left half-string independently exhibit this invariance. This implies that the two half-strings can "slide" one on top of the other giving the system an interesting zero mode.
We replace the ansatz(33) in the energy functional (per length L) and vary with respect to f (x). This yields a somewhat different equation for f (x): (x > 0)
and similarly for x < 0. The equation can again be integrated analytically and possesses the solutions sin f (x) = 0 (35)
where a and b are integration constants. The reasoning here is similar to the one used for the case of the baby-Skyrmion: we construct the soliton solution by using (36) for x ≤ x 0 and then patch the vacuum f = 0 everywhere x > x 0 . b is fixed by the constraint of integer baryon number in the lenght L and a and x 0 are chosen so as to minimize the total energy.
One finds then
The string thus has a finite width and its energy per baryon can again be computed analytically:
To perform this integral analytically we use crucially the fact that the Skyrme term and mass term are equal for all values of x. The area per baryon of the string is also easily
which is surprisingly independent of L and equal to the area of a single baby-Skyrmion. The former is evidently a consequence of the invariance of the static energy under area preserving diffeomorphisms and, we believe, the latter also.
We note that the N-baby-Skyrmion and N-string piece are degenerate in energy and furthermore do not saturate the Bogomolnyi bound. This indicates that the solitons are both equally energetically stable (or unstable). Their absolute stability depends on the existence of non-trivial solutions with lower energy. We feel confident that these do not exist since the baby-Skyrmion possesses the largest symmetry for a solution in two dimensions and should as such have the absolute lowest energy. The fact that the energy and area per baryon of the string and baby-Skyrmion are equal respectively suggests that there could exist an area preserving diffeomorphism that deforms one configuration into the other. We have not been able to find such a deformation.
B. Closed string in 2+1 dimensions
The simplest "physical state" one can construct with the string is an annulus made by bending the string and closing it. To do this, one has to re-interpret the coordinate y as an angle which winds around the origin. The y axis is mapped to a circle of radius A and the x coordinate becomes radial. The ansatz that we use is
where φ < represents the inner part of the annulus (r < A) ans φ > the outer part. We have deliberately generalised the ansatz by winding φ < N times and φ > M times around the origin. There is no boundary problem since f (r = A) = π no matter the values of N and M.
The baryon number of the annulus is the sum N + M where N and M are both non-zero integers (although their sum can be zero).
We now compute the energy and profile for the annulus. The procedure to follow is exactly the same as before with the exception that we have two functions to compute: one, f < , for the inner part of the annulus, and the other, f > , for the outer part. The corresponding differential equations are coupled together by the parameter A. One finds the "inner" solution f < :
where
and the "outer" solution f > :
. This solution has energy
and area
which is independent of the parameter A, for the same reason that the area of the string was independent of its length L. Indeed a large radius A implies a very thin annulus while a smaller A implies a thicker annulus. Finally there is a minimum A for which r < = A and the annulus becomes a disc however with a different configuration inside with respect to the baby-Skyrmion. Before ending this section let us make a few remarks. First, the energy of the solution does not change if we "move" the baryon number from the inner part of the annulus to the outer as long as the total N + M does not change (for both N and M positive). This generates another degeneracy in the energy spectrum.
Second, in order for r < to be real, one has to ensure that A 2 ≥ 4|N|/µ, implying that a solution of large baryon number must have a large radius A, or that most of its baryon number (and energy) must be stored in the outer shell of the annulus.
Third, the state with M + N is different from the baby-Skyrmion with B = N + M in that it actually contains the vacuum in its interior: f < = 0 for 0 < r < r < . We see that in the B = 2 sector for exemple, we have 2 different lumps degenerate in energy: the N = 2 baby-Skyrmion, or "deuteron", and the N = M = 1 annulus. We remind the reader that the deuteron cannot really be considered analogous to the annulus since f = π at its center. We will give an indication in the next section as to the importance of these states in baby-Skyrmion scattering.
Considerations on soliton scattering
We end this paper with some considerations on baby-Skyrmion scattering. We use the method of Manton 11 while exploring the symmetries of the deuteron state in the usual 3+1 dimensional Skyrme model and the symmetries of scattering states. His method was based on the fact that looked from a distance, a Skyrmion resembles a triad of orthogonal dipoles.
Piette et al 1, 3 showed that similarly baby-Skyrmions look like a pair of orthogonal dipoles.
One way to see this is to use the φ = (φ 1 , φ 2 , φ 3 ) parametrisation and the constraint φ 2 = 1.
Using the constraint to eliminate, say, φ 3 on can describe a baby-Skyrmion configuration completely with the fields φ 1 and φ 2 . Let us now consider the region of the plane defined by x ∼ 0, y > 0. Since the baby-Skyrmion field is radial when projected in the (1, 2) plan, in this region φ 1 will be very small, while φ 2 will dominate and be positive. In the opposite region (x ∼ 0, y < 0), it is the same situation but now φ 2 dominates while being negative.
So the field φ 2 , which falls at infinity as an exponential in the full model, represents from a far, a dipole oriented parallel to the y axis. The same is valid for φ 1 except along the x axis. The baby-Skyrmion is thus constructed from a pair of orthogonal dipoles (see • around the z axis [1] . This is also completely consistent with Mackenzie's 12 theorem which proves under very general and reasonable assumptions that head on, geodetic scattering of identical particles must be through 90
• if the coincident point is attained. Scattering with different relative orientations has also been studied, as we will discuss in more detail later.
In our case, we do not have any dipole picture since our solitons have finite size and the "long range" interactions are not well approximated by a linear theory of massive or massless pions. What we have here are well determined regions where φ 1 or φ 2 dominate clearly (we represent these regions by a circle containing a "+" or "-" sign, as in Manton's notation. See Figure 5 for a picture of a baby-Skyrmion, and one that has been rotated by 180
• around the z axis). This does not keep us from using Manton's framework. If anything, the finite and exactly free nature of our solitons render exact for a pair of baby-Skyrmions the analog of the approximate, discrete symmetries of a pair of usual Skyrmions, even when the baby-Skyrmions are at a finite distance from one another (in fact, anytime that they don't actually touch each other).
Let us first consider the scattering of baby-Skyrmions in the "most attractive channel"
(iso-rotated by 180
• around the z axis). Figure 6 represents the evolution of the region where φ 1 dominates, where t 1 < t 2 < t 3 < t 4 < t 5 . Notice that the baby-Skyrmion on the left is iso-rotated by 180
• . This figure clearly indicates a 90
• scattering: the particles come along the x axis and leave along the y axis. Figure 7 shows the same process for the field φ 2 , also compatible with a 90
• scattering. The evolution of the regions, though intuitively correct, has a more profound basis: they obey at all time the following symmetries for two free baby-Skyrmions, iso-rotated by 180
• , and existing in the same region of space:
One can easily check that the N = 2 baby-Skyrmion indeed obeys those two symmetries, and in fact possesses also the cylindrical symmetry of rotation of its energy density around the z axis, in an exactly similar fashion as to the Skyrme case. We therefore believe that the from just the scattering data! Figure 8 shows the "dipole image" of a pair of baby-Skyrmions without any relative iso-rotation for both fields φ 1 and φ 2 . One can easily verify that this configuration transforms according to We will now compute the energy of the baby-Skyrmion for decreasing values of the 2-sphere radius, and compare it to the energy of the configuration with constant energy density.
When replacing the ansatz for the baby-Skyrmion on a 2-sphere
into the equation of motion of the Lagrangian on a space-time of metric g µν (in our case √ g = R 2 sin θ) given by
we find the following analytical solution:
where θ 0 is the "size" of the solution on the 2-sphere and is given by
This solution has again compact support and finite size and can only exist for R √ µ ≥ 1 in order for θ 0 to be real. R √ µ = 1 represents the situation where the soliton entirely covers the 2-sphere and continues to satisfy sin f (θ 0 )f ′ (θ 0 ) equal to 0 with θ 0 = π. The energy of the solution is obtained by replacing equation (50) into (2) and we find:
which is surprisingly independent of R, and hence, equal to the energy of the baby-Skyrmion in flat space.
If we want to reduce still the radius of the 2-sphere, we have to relax the constraint that sin f (θ)f ′ (θ) be 0 at the edge of the soliton. The derivative will then be discontinuous at that point but the energy, being only function of the first derivative of f (θ), will not diverge. The so-called "compressed" baby-Skyrmion solution, existing only for R √ µ ≤ 1, is also obtainable analytically:
This solution completely fills the 2-sphere and has energy:
which diverges if R → 0. The former happens because of the 4 derivatives of the Skyrme term combined with the integration measure and illustrates that a point soliton will have infinite energy. Of course, the energy of the two solutions will become equal in the limit where R √ µ = 1.
We now want to compare the energy of these solutions with the energy of the configuration with uniform energy density. Because of the presence of the mass term in the Lagrangian, this type of configuration is not a solution of the equations of motion. This was not the case in the work of Manton et al since they did not include any mass term to stabilize the solitons against scale changes of the coordinates. In our case, with f (θ) = π − θ and the baby-Skyrmion ansatz, we find the following energy:
which is always higher in energy than the baby-Skyrmion. We then see that there is no phase transition between the two states as R changes values.
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